Abstract. In this paper we examine the geometry of minimal surfaces of arithmetic hyperbolic 3-manifolds. In particular, we give bounds on the totally geodesic 2-systole, construct infinitely many incommensurable manifolds with the same initial geometric genus spectrum in which volume and 1-systole are controlled, and analyze the growth of the genera of minimal surfaces across commensurability classes. These results have applications to the study of how Heegard genus grows across commensurability classes.
Introduction
Recent years have seen significant research in the geometry of π 1 -injective surfaces of hyperbolic 3-manifolds. The existence of π 1 -injective surfaces was initially established for cusped finite volume hyperbolic 3-manifolds in [7] , for closed arithmetic hyperbolic 3-manifolds in [16] , and then finally for all closed hyperbolic 3-manifolds in [13] . These results have had profound implications, in particular the resolution of Thurston's virtual Haken conjecture [1, 2] . A natural continuation of this line of inquiry is to give an explicit description of the types of π 1 -injective surfaces that can appear within a given hyperbolic 3-manifold M .
The goal of this paper is to understand the minimal π 1 -injective surfaces of M when volume and 1-systole are controlled. We consider three distinct types of minimality. The systolic genus of M , denoted sysg(M ), is the minimal genus of a π 1 -injective surface. The 2-systole of M , denoted sys 2 (M ), is the minimal area of a π 1 -injective surface. The totally geodesic 2-systole of M , denoted sys T G 2 (M ), is the minimal area of an immersed totally geodesic surface. Since hyperbolic 3-manifolds are atoroidal, sysg(M ) ≥ 2. Furthermore, as totally geodesic surfaces are π 1 -injective, sys 2 (M ) ≤ sys T G 2 (M ). Finally, we denote by sys 1 (M ) the 1-systole of M ; that is, the least length of a closed geodesic on M .
Before stating our first result we introduce a piece of notation. Given two commensurable Kleinian groups Γ 1 and Γ 2 , we define the generalized index of Γ 2 in Γ 1 to be [Γ 1 :
[Γ 2 :Γ 1 ∩Γ 2 ] . For a commensurability class of arithmetic Kleinian groups, we denote by Γ O a group with minimal covolume in the class and by Γ 1 O a group contained in the class which is derived from the elements of reduced norm one in a maximal order contained in the class' invariant quaternion algebra. These groups and their construction will be described in detail in Section 3.
Theorem A. Let M be an arithmetic hyperbolic 3-manifold which contains a finite area, properly immersed, totally geodesic surface. Then
where c > 0 is a constant depending only on the invariant trace field of M . If π 1 (M ) contains a subgroup of the form Γ 1 O then we additionally have the inequality sys
where c ′ > 0 is a constant depending only on the invariant trace field of M .
An immediate consequence of Theorem
O ] depends only on the groups' commensurability
is a maximal arithmetic group or a congruence subgroup of a maximal arithmetic group then the generalized index appearing in Theorem A can easily be made explicit using Borel's classification of maximal arithmetic subgroups of PSL 2 (C) and the computation of their covolumes [4] .
The proof of Theorem A makes extensive use of Borel's computation of the covolumes of maximal arithmetic subgroups of PSL 2 (R) and PSL 2 (C) and the close relationship between the invariant quaternion algebra of an arithmetic hyperbolic 3-manifold and those of its totally geodesic surfaces. An easy consequence of the proof of Theorem A is the following. Corollary 1.1. For every X > 0 there exist infinitely many arithmetic hyperbolic 3-manifolds with
Let M be a closed hyperbolic 3-manifold. To each free homotopy class [S] in M of a π 1 -injective, properly immersed, closed surface, there is a well-defined minimal area, which we denote area(S) [24, 23] . We define the area set of M to be the set A(M ) of all such areas. For such a π 1 -injective surface S of genus g, the inequalities of Uhlenbeck and Thurston (cf., [11, Lemma 6] ) give
.
By the work of Thurston, [25, 8.8.6 ] there are only finitely many π 1 -injective, properly immersed, closed surfaces up to free homotopy of a fixed genus. It follows that the area set is a discrete subset of the real numbers. Furthermore, each area can only be realized by finitely many free homotopy classes of surfaces.
Every totally geodesic surface is the area minimizing representative in its homotopy class, and we denote the set of all areas contributed by totally geodesic surfaces A T G (M ). An interesting, though likely difficult, problem would be to study the distribution of A T G (M ) within A(M ). For N ≥ 1, we define A T G (M )[N ] to be the set of the first N areas in A T G (M ). The geometric genus set of M , denoted GS(M ), is the set of isometry classes of finite area, properly immersed, totally geodesic surfaces of M up to free homotopy. We define
Our next theorem revisits a construction of pairs of incommensurable arithmetic hyperbolic 3-manifolds with the same set of commensurability classes of surfaces up to an arbitrary threshold that appeared in [18, Section 7] . In particular we construct an infinite family of incommensurable arithmetic hyperbolic 3-manifolds whose geometric genus spectra start off with the same N terms and in which both volume and systole length are controlled.
There exists an infinite sequence of incommensurable arithmetic hyper-
Furthermore, we have the estimates Vol(M n ) < c 1 (n log(2n)) 3/2 , and
where c 1 , c 2 are positive constants depending on N .
Theorem B may be viewed as a higher dimensional analogue of a recent result of Millichap [22] , who exhibited an infinite family of incommensurable hyperbolic 3-manifolds, all of whose complex length spectra begin with the same 2n + 1 lengths.
It is natural to ask about the minimum value assumed by sysg(M ), sys 2 (M ) or sys T G 2 (M ) as M varies over the set of arithmetic hyperbolic 3-manifolds lying in a fixed commensurability class. Our next result will show that given any real number x > 0, almost every commensurability class of arithmetic hyperbolic 3-manifolds has the property that every representative M satisfies sysg(M ), sys 2 (M ), sys T G 2 (M ) > x. In order to make this precise we introduce some additional notation.
Let k be a number field with a unique complex place and C be a commensurability class of arithmetic hyperbolic 3-manifolds having invariant trace field k. In Section 3 we will define a notion of volume on C . This volume is in terms of the volume of a certain distinguished representative of the class which arises in a natural way in the construction of arithmetic lattices in PSL 2 (C). Let N k (V ) denote the number of commensurability classes of arithmetic hyperbolic 3-manifolds with volume less than V and invariant trace field k. Additionally, let N g k (V ; x) (respectively N 2 k (V ; x) and N T G k (V ; x)) denote the number of commensurability classes of arithmetic hyperbolic 3-manifolds with invariant trace field k, volume less than V and which contain a representative M satisfying sysg(M ) < x (respectively sys 2 (M ) < x and sys T G 2 (M ) < x). Theorem C. For all sufficiently large x we have
The Heegard genus of a closed 3-manifold, denoted Hg(M ), is the minimal genus of a Heegard surface. There has been considerable work towards understanding how Heegard genus increases along covers [3, 15, 10, 8] . In particular, in the case of congruence covers of a compact arithmetic 3-manifold, [15] and [10] independently have shown that the Heegard genus grows linearly with the degree of the covers. Since the Heegard genus of a 3-manifold is bounded below by its systolic genus, Theorem C implies that the Heegard genus grows across commensurability classes. More precisely, let Hg k (V ; x) denote the number of commensurability classes of arithmetic hyperbolic 3-manifolds with invariant trace field k, volume less than V and which contain a representative M satisfying Hg(M ) < x. Corollary 1.2. For all sufficiently large x we have lim
Notation
Let k be a number field of degree n k and discriminant ∆ k . We denote the ring of integers of k by O k and the Dedekind zeta function of k by ζ k (s). Given an ideal I ⊂ O k , we denote by |I| the norm of I.
If A is a quaternion algebra over k then we denote by Ram(A) (respectively, Ram f (A)) the set of primes (respectively, finite primes) of k which ramify in A. The discriminant of A, denoted disc(A), is defined to be the product of all primes in Ram f (A).
We denote by H 2 and H 3 real hyperbolic spaces of dimensions 2 and 3, and will refer to lattices in PSL 2 (R) as Fuchsian and lattices in PSL 2 (C) as Kleinian.
Arithmetic Fuchsian and Kleinian groups and their covolumes
In this section we briefly describe the construction of arithmetic lattices in PSL 2 (R) and PSL 2 (C). For a more detailed treatment we refer the reader to [21] .
Let ℓ be a totally real number field and B a quaternion algebra over ℓ which is unramified at a unique real prime v. O are discrete subgroups of PSL 2 (R) which are cocompact whenever B is a division algebra. The coareas of these groups are given by the following formulas (see Borel [4] and Chinburg and Friedman [5, Proposition 2.1]) :
where t(B) is the type number of B. It is known that the group Γ O has minimal covolume within its commensurability class. Any group which is commensurable with a group Γ 1 O as constructed above is called an arithmetic Fuchsian group.
We now describe the construction of arithmetic lattices in PSL 2 (C) 
A pair of arithmetic lattices Γ 1 , Γ 2 derived from quaternion algebras (k 1 , A 1 ), (k 2 , A 2 ) will be commensurable (in the wide sense) precisely when k 1 ∼ = k 2 and A 1 ∼ = A 2 [21, Theorem 8.4.1]. We will make use of this fact throughout this paper.
Given a commensurability class C of arithmetic hyperbolic 3-manifolds arising from the arithmetic data (k, A), we define the volume V C of C to be V C := covol(Γ 1 O ), where O is a maximal order of A. It follows from the work of Borel [4] that there are only finite many commensurability classes of bounded volume.
Proof of Theorem A
We now prove Theorem A.
Let Γ = π 1 (M ), and denote by k = kΓ be the invariant trace field of M and by A = AΓ the invariant quaternion algebra of M . The results of [21, Chapter 9.5] show that all totally geodesic surfaces in M arise from quaternion algebras B over ℓ, where ℓ is the maximal totally real subfield of k (and satisfies [k : ℓ] = 2) and B is a quaternion algebra defined over ℓ which is unramified at a unique real place of ℓ (the one lying under the complex place of k) and has the property that A ∼ = B ⊗ ℓ k. The requirement that A ∼ = B ⊗ ℓ k imposes severe restrictions on the ramification of B, as the following result [21, Theorem 9.5.5] makes clear. Theorem 4.1. Let k be a number field with a unique complex place and A be a quaternion algebra over k which is ramified at all real places. Let k be such that [k : ℓ] = 2, where ℓ = k ∩ R. Let B be a quaternion algebra over ℓ which is ramified at all real places except the identity. Then A ∼ = B ⊗ ℓ k if and only if Ram f (A) consists of 2r distinct ideals {P 1 , P ′ 1 , . . . , P r , P ′ r }, where Ram f (B) ⊇ {p 1 , . . . , p r } with Ram f (B) \ {p 1 , . . . , p r } consists of primes of O ℓ which are either inert or ramified in the extension k/ℓ.
As GS(M ) = ∅, the set Ram f (A) is of the form {P 1 , P ′ 1 , . . . , P r , P ′ r } described in Theorem 4.1. Every non-elementary Fuchsian subgroup of Γ is contained in an arithmetic Fuchsian group [21, Theorem 9.5.2] which arises from a quaternion algebra B over ℓ which is ramified at {p 1 , . . . , p r } by Theorem 4.1. Note that if B is an indefinite quaternion algebra over ℓ then the type number t(B) of B is equal to [ℓ(B) : ℓ] where ℓ(B) is the maximal abelian extension of ℓ of exponent 2 which is unramified outside the real places in Ram(B) and in which all primes of Ram f (B) split completely (see [6, p. 39] ). Observe that ℓ(B) is contained in the narrow class field of ℓ, which has degree over ℓ at most 2 n ℓ h ℓ . Section 3 and equation (2) now show that (5) sys
where c ℓ > 0 is a constant depending only on ℓ (and hence on k as ℓ = k ∩ R is the maximal totally real subfield of k).
hence the first part of the theorem follows from equations (5) and (4).
We now suppose that π 1 (M ) contains a subgroup of the form Γ 1 O and will derive an upper bound for sys T G 2 (M ). That GS(M ) = ∅ implies that Ram f (A) = {P 1 , P ′ 1 , . . . , P r , P ′ r } where the primes P i and P ′ i both lie above the prime p i of O ℓ . Let p be a prime of O ℓ which is inert in the extension k/ℓ. The effective Chebotarev density theorem [17] shows that there exists an absolute constant C > 0 such that we may assume |p| < |∆ ℓ | C . We now define a quaternion algebra B over ℓ by declaring it to be ramified at all real places except the identity and at the finite primes {p 1 , . . . , p r } if r + n ℓ − 1 is even and {p 1 , . . . , p r } ∪ {p} if r + n ℓ − 1 is odd. Theorem 4.1 shows that
for some constant c k > 0 depending only on k. Notice that |p| has been bounded by a quantity which depends only on ℓ, and that
The upper bound for sys T G 2 (M ) now follows from equations (1) and (3). We conclude this section by proving Corollary 1.1.
Let k be a number field with a unique complex place and whose maximal totally real subfield ℓ satisfies [k : ℓ] = 2. Infinitely many primes of ℓ split in the quadratic extension k/ℓ, hence there exist finitely many primes p of O ℓ such that
Fix one such prime p. Let A be the quaternion algebra over k which is ramified at all real primes of k and at the two finite primes lying above p. Let Γ be any torsion-free arithmetic Kleinian group arising from (A, k). The results of [21, Chapter 9.5] show that any non-elementary Fuchsian subgroup of Γ must arise from an indefinite quaternion algebra B over ℓ which is ramified at p (and potentially other primes). Note that if t(B) is the type number of an indefinite quaternion algebra over ℓ then we have already seen that t(B) ≤ 2 n ℓ h ℓ . The corollary now follows from Section 3 and in particular equation (2).
Proof of Theorem B
Our proof will make use of the following refinement of Linnik's theorem on primes in arithmetic progressions, the proof of which follows from [12, Corollary 18.8, p. 442 ] (see also [20, Proposition 8.1] ).
Lemma 5.1. There is an absolute constant L > 0 such that for every pair of coprime integers a, q with q ≥ 2 the n-th prime p ≡ a (mod q) satisfies
Let m be a natural number such that the m-th prime p m satisfies p m > 2 10
. . be a sequence of imaginary quadratic fields of discriminants −q 1 , −q 2 , . . . (where all of the q i are prime) in which the rational prime 13 splits and in which p 1 , p 2 , p 3 , p 4 , p 5 , p 7 , . . . , p m−1 are inert. We assume as well that none of the L i are contained in one of the cyclotomic fields
. Note that these fields may be constructed by selecting the primes q 1 , q 2 , . . . to lie within a certain residue class modulo C = 4p 1 · · · p m−1 . It now follows from Lemma 5.1 that we may take
for some absolute constant L > 0.
For every i ≥ 1 let A i be the quaternion algebra over L i such that disc(A i ) = 13O L i . Let O i be a maximal order of A i and observe that Γ O i is torsion-free as no quadratic cyclotomic extension of L i embeds into A i (note that 13 splits in both Q(i)/Q and Q(
A consequence of Theorem 4.1 is that if a quaternion algebra 
for all i, j. The assertion about Vol(M n ) now follows from equations (6) and (3), along with the fact that ζ L i (2) < ζ(2) 2 < 3 for all i.
To conclude the proof of Theorem B, we must derive an upper bound for sys 1 (H 3 /Γ O i ). This upper bound is an immediate consequence of the well-known fact that if M is a closed hyperbolic 3-manifold then sys 1 (M ) < log(Vol(M )) (this follows from the injectivity radius of M being 1 2 sys 1 (M ) and the fact that the volume of a ball of radius r in H 3 has order of magnitude e r ).
Proof of Theorem C
If M is a closed hyperbolic 3-manifold then it is clear that sys T G 2 (M ) ≥ sys 2 (M ), hence it suffices to prove Theorem C for N g k (V ; x) and N 2 k (V ; x). We begin by proving the theorem for N g k (V ; x). In essence, our proof follows from two previously known results. The first is due to the first author and McReynolds, Pollack and Thompson [19] and concerns the number of commensurability classes of arithmetic hyperbolic 3-manifolds containing a representative with systole less than any fixed bound. The second result is an important systole inequality of Belolipetsky [3] , whose proof relies on a high genus systole inequality of Gromov [9] (see also [14, p. 88 
]):
Theorem 6.1 (Belolipetsky) . Let M be a closed hyperbolic 3-manifold. For any ǫ > 0, if the systole sys 1 (M ) of M is sufficiently large then (7) sysg(M ) ≥ e Let x 0 = x 0 (ǫ) be large enough so that (7) holds with ǫ = 1 4 whenever sys 1 (M ) > x 0 . If x > x 0 and sysg(M ) < x then (7) shows that sys 1 (M ) < 4 log(x). Given a function f (x), define N k (V ; f (x)) to be the number of commensurability classes of arithmetic hyperbolic 3-manifolds with invariant trace field k, volume less than V and which contain a representative M with systole sys 1 (M ) < f (x). We now see that N g k (V ; x) < N k (V ; x 0 ) + N k (V ; 4 log(x)), as for a given commensurability class C , either C contains a manifold M with sys 1 (M ) ≤ x 0 in which case (7) need not apply, or else every manifold M ∈ C satisfies sysg(M ) < x =⇒ x 0 < sys 1 (M ) ≤ 4 log(x).
Our proof in the case of N 
